Introduction
In this paper, we study a nonlinear elliptic equation involving Paneitz type operators on compact Riemannian manifolds. The nonlinearity considered here is concave-convex. The simultaneous effect of the concave and the convexe terms has been initially investigated by Ambrosetti-Brézis-Cerami [1] in the Euclidian case for the Laplace operator. Since, elliptic problems with this kind of nonlinearities was extensively studied by several authors with different classes of domains and with more general differential operators like theLapalcian. We can refer the reader to the valuable survey article by Ambrosetti-Garcia Azorero-Peral [2] and the references therein. The aim of this work is to establish nonlocal and multiple existence results (w.r.t a real parameter) to an elliptic equation involving the Paneitz-Branson operator with concaveconvex nonlinear terms. Also, characteristic values of the real parameter are introduced (under variational form) and some of their specific properties are carried out. spaces. Also, we will assume along this work that [18] ' ) £ ) Ỳ a& (1) In this situation, it is clear that the Paneitz-Branson operator . In the specific case where
is Einstein, the condition (1) is satisfied. Indeed,
For further detailed discussions on this subject, we refer the reader to Beckner [3] , BransonChang-Yang [6] , Chang-Gursky-Yang [8, 9] , Chang-Yang [10] and to Gursky [17] , for the Paneitz operator. For the Paneitz-Branson operator, we mention the references described above [11, 15, 16, 19, 20, 18, 27] .
Hereafter, the space Consider the following problem
For solutions of (2) we understand critical points of the associated Euler-Lagrange (energy) functional
, given by
In [4] , Bernis, Garcia-Azorero and Peral studied the following equation
in a smooth bounded domain in § with Dirichlet or Navier boundary conditions. Applying the Lusternik-Schnirelman theory, the authors showed the existence of infinitely many solutions for
of the parameter
3
. We will show below that the problem (2) possesses two "branches" of solutions for
. It is interesting to remark that this result is not local with respect to the parameter . It follows from above that the functions
. Therefore, we get 
3!
Using the fact that
, is bounded below. In the same way, we get that the function
, is bounded below. Therefore, if we define
we have the following
be a minimizing sequence of (7) and
be a minimizing sequence of (8) and
be a minimizing sequence of (7). Since ¥
Combining (9) and (10), we obtain
Suppose that there is a subsequence of (¦ § 
be a minimizing sequence of (7) and suppose that there is a subsequence of (¦ § 
be a minimizing sequence of (8 
Combining the two last inequalities we obtain, for every
. Now, suppose that there is a subsequence of (¦ § 
Hence, we get
where £ is the unit sphere of
Palais-Smale sequences and positive solutions Theorem 1. Let
be a minimizing sequence of (13) (resp. of (14)). Then, . On the other hand, let
Hölder's inequality, we get for every . Then the problem (2) has at least two positive solutions.
Proof. We will adopt the notations used in the previous lemmas. As mentioned in Theorem 1: . Passing if necessary to a subsequence, we have
, then using a lemma due to Brézis-Lieb [7] , we get 
and §¡ ! is defined in (3). On the other hand, a direct computation gives
) and
, where is given by (4). Thus, we get
Let us consider the increasing real valued function 
is achieved on The following reslut shows that the variational character of (5) has a genuine link with the main problem (2). , we have 
Infinitely many solutions
In this section, we show the existence of infinitely many solutions to (2) . More precisely, we carry out two disjoint and infinite sets of solutions to (2): One set consists of solutions with negative energy while the second set contains solutions with arbitrary energy. We briefly recall here some background facts that we use in the sequel [21, 22, 25, 26] . Let 
